In the three-compartment model of transfer of native glucose and [18F]fluorodeoxyglucose (F DG) into brain, both transport across the blood-brain barrier and phosphorylation by hexokinase can be described by the Michaelis-Menten equation. This permits the use of fixed
transport (T = KjIK1) and phosphorylation (<p = kjlk3) ratios and a common partition volume (Ve = K11k2) for tracer and glucose. By substituting transfer constants of FDG for those of glucose, using T and <p, the lumped constant was determined directly by positron tomogra phy. The same constraints also eliminated ki and kj from the model, thus limiting the parameters to K* [equivalent to Kjkj/(ki + kj)], Kj, and the cerebral vascular volume (Vo). In six healthy elderly men (aged 61 ± 5 years), time-activity records of cerebral cortical regions were an alyzed with T = 1.1 and <p = 0.3. The results were com-Together, eSF]fluorodeoxyglucose (FDG) and positron emission tomography (PET) constitute the FDG method (Phelps et aI., 1979; Reivich et aI., 1979) . The method measures glucose metabolism in discrete regions of the human brain under physio logical or pathological conditions. The general prin ciple underlying the method, that the net clearance of the tracer is the ratio between the accumulated tracer metabolites in brain and the integrated con centration of tracer in brain, can be applied to a variety of tracers and metabolic problems.
The form of the deoxyglucose operational equa tion, derived by Sokoloff et aI. (1977) , is such that pared with those of the conventional FDG method. At 20 min, the goodness of fit by the new equation was as good as that of the conventional method at 45 min. The esti mates obtained by the constrained method had stable co efficients of variation. After 20 min, regional differences between the estimates were independent of time, al though we observed steady decreases of K* and (kj). The decrease strongly suggested dephosphorylation ofFDG-6phosphate, particularly after 20 min. All estimates of vari abies with the constrained method were more accurate than those of the conventional method, including the ce rebral glucose metabolic rate itself, as well as physiolog ically more meaningful, particularly with respect to ki and kj. Key Words: Cerebral metabolic rate for glucose measurements of glucose metabolism by the FDG method require precise estimation only of the net clearance of FDG and the isotope correction factor ("lumped constant"). Uncertainty about the esti mates of the individual transfer coefficients of FDG (Ki, kf, and kj) has little effect on the results (Huang et aI., 1980; Heiss et aI., 1984; Evans et aI., 1986) .
Current methods of parameter estimation may yield mathematically acceptable but physiologically meaningless estimates of the fractional clearance of FDG from brain to blood (kn and of the phospho rylation coefficient (kj) (Gjedde et aI., 1985) . It is our contention that the nonlinear regression tech niques, on which most estimates are based, in and of themselves may yield results that violate the principles of physiology or pathology, unless con straints are imposed that limit the relationship be tween the model coefficients to a physiologically bounded parameter space.
Accurate estimates of the transfer coefficients are essential for most of the wider applications of the three-compartment model where the transfer coef ficients are of immediate physiological interest rather than being components of an operational equation, such as studies of the density of perfused capillaries (Gjedde and Kuwabara, 1988) , enzyme activities (Gjedde et aI., 1989) , or dissociation/ association coefficients of ligands in neuroreceptor studies (Huang et aI., 1986; Wong et aI., 1986) .
In the three-compartment model of the transfer of tracer and native glucose into brain, transport across the blood-brain barrier and phosphorylation are processes to which the Michaelis-Menten equa tion applies (Sokoloff et aI., 1977; Gjedde, 1982) . The Michaelis-Menten formalism implies that the values of the partition volume (Ve), i.e., the ratio between the unidirectional clearance into brain (Kj) and the fractional clearance from brain (kiL must be the same for all substrates that share the same transport system and must remain a specific func tion of the brain substrate content (Gjedde and Die mer, 1983) . The Michaelis-Menten formalism fur ther implies that the transport (T) and phosphoryla tion ('P) ratios between the tracer and native glucose must be constants because they are ratios between Michaelis constants (Cunningham and Cremer, 1981; Crane et aI., 1983) , reflecting the different af finities of the relevant proteins for the two sub strates.
Below, we show that incorporation of the princi ples of the Michaelis-Menten formula into the three compartment model restricts the estimates of the transfer coefficients to physiologically meaningful values in most applications of the FDG method. We also show that physiologically meaningful estimates of the transfer coefficients provide the means to determine the lumped constant (A) in different re gions of the brain.
Finally, we show that the minimum study dura tion required to yield estimates of a certain accu racy can be reduced significantly. Shorter experi mental times diminish the effect of loss of FDG me-tabolites from brain, thereby reducing the necessity to incorporate a fourth parameter (the coefficient of dephosphorylation of FDG-6-phosphate, k4) into the model to account for this loss. For accurate estimates of the transfer coefficients, this is of spe cial importance since the three-parameter model re quires yet another parameter that corrects for the presence of tracer activity in the brain vascular vol ume (Vo) (Evans et aI., 1986; Hawkins et aI., 1986 ).
The method was tested by comparison with the conventional method of estimating three separate rate constants, with both simulated noisy data and real time-activity records from FDG studies.
THEORY
Transport of hexoses across the blood-brain bar rier is a saturable process of facilitated diffusion, and phosphorylation of hexoses is a competitive en zymatic process. These processes can be described by the Michaelis-Menten equation. Three funda mental ratios are derived from this equation.
First, when the glucose analogue FDG is intro duced in tracer quantities, the Michaelis-Menten equation yields an approximately constant ratio (T) between FDG and glucose clearances (Gjedde and Christensen, 1984; Gjedde and Diemer, 1983) :
where K) is the unidirectional clearance, PS the apparent permeability-surface area product, Kt the half-saturation constant, and T max the maximal transport rate. The asterisk indicates symbols that represent the tracer (see Table 1 ). Second, assuming symmetrical transport be tween blood and brain, Gjedde and Diemer (1983) showed that the value of the partition volume (Ve) must be the same for glucose and its analogues, as well as a function of the brain glucose content (Me): where k2 is the fractional clearance from brain to blood, Vd the physical volume of distribution, and Ca the arterial plasma glucose concentration. This means that the k21ki ratio also equals T.
Third, FDG and glucose are competitive sub strates for hexokinase. In the Michaelis-Menten formulation, the phosphorylation ratio ('P) between FDG and glucose is (Sokoloff et aI., 1977) ( 3) where k3 is the rate constant of phosphorylation, Km the half-saturation constant, and V max the max imal velocity of phosphorylation by hexokinase.
The use of these ratios is based on the assumption that they must remain within very narrow limits, even when the maximal velocities vary in different physiological or pathological states (Sokoloff et aI., 1977; Cunningham and Cremer, 1981; Gjedde, 1981; Crane et aI., 1983) . For reasons discussed below, we chose T = 1.1, 'P = 0.3, Kt = 4.8 mM, and Vd = 0.77 ml g-1 for cortical gray matter.
In the expression of net clearance of glucose, the transfer coefficients of glucose itself can be re placed by those of tracer FDG, using Eqs. 1-3:
(4) where, by rearrangement, A, the "lumped con stant," is (5) and where <I> is the fraction of glucose-6-phosphate further metabolized. Since the majority of glucose-6-phosphate is, in fact, further metabolized (Sokoloff et aI., 1977; Phelps et aI., 1979; Gjedde, 1981) , we assumed <I> to be unity in all subsequent calculations. Equation 5 casts the lumped constant in terms of the constants T, 'P, and <I> and the vari ables K* and Ki.
We next seek to reparameterize ki and kj in a similar way. In two expressions of the glucose uti lization, the immeasurable variables of glucose can be replaced by measurable variables of FDG, using Eqs. 1-5:
and where Jnet is the net glucose flux. By equating Eqs. 6 and 7, ki emerges as a function of Ki and K*:
and kj is then simply obtained by setting it equal to K*kil(Ki -K*) and replacing ki by Eq. 8:
where f.L = TCa/(AKt). Hence, Eqs. 8 and 9 eliminate ki and kj from the operational equation of the FDG method:
where A *(1) is the 18F activity recorded in a region of interest (ROI) at time T, V 0 the cerebral vascular volume, and
In the approach based on Eqs. 10 and 11, we directly estimated the coefficients K*, K*1' and Vo by non linear least-squares regression (Fig. 1 ). The lumped constant was calculated for individual regions by Eq. 5. For comparison, we also estimated K\, ki, kj, and Vo directly by Eq. 10 (conventional ap proach) and fixed the lumped constant at the value of 0.48, suggested by Reivich et ai. (1985) as the best estimate, in theory, of the lumped constant, for which the value 0.52 was an experimental verifica tion.
METHODS

Simulated PET studies
We simulated PET studies to compare the ability of the two approaches to yield accurate estimates of given pa rameters. "Noiseless" brain time-activity data were gen erated from a set of values of Kf, k!, k�, and V 0 and the plasma time-activity data from actual PET studies.
A mean noise level of � (S) was added to the noiseless data as a/Ni = (S/100) NmlNi, where ai is the standard
--=.. deviation of Poisson distribution noise added to the ith scan, N; the number of total counts recorded in the ith scan, and N m the mean number of counts per scan (Evans et aI., 1986; Jovkar et al., 1989) . The accuracy of the estimates was expressed as the coefficient of error [(root mean square error/input value)
x 100%], based on 100 sets of "noisy" brain time-activity data. Two circulation times, 20 and 45 min, were com pared to examine the systematic errors of the parameter estimation introduced by shorter experimental times.
PET studies
Dynamic FDG PET studies were performed on six healthy older volunteers (mean ± SD age 61 ± 5 years). The subjects were scanned in the Therascan 3128, a three-plane positron emission tomograph with a resolu tion of 12 (transverse) x 11 (axial) mm, each plane sep arated by 12 mm (Cooke et aI., 1984) . The center plane was placed 42 mm above and parallel to the orbitomeatal plane so that the three planes included the activities from the anterior and middle frontal, precentral, postcentral, posteroparietal, and occipital cortices, striatum, and thal amus.
Following intravenous administration of a slow bolus (-I-min infusion) of 5 mCi of FDG, 20 measurements of brain radioactivity were made in 45 min. The scan sched ule was 10 I-min scans, 5 2-min scans, and 5 5-min scans. Arterial blood was sampled every 10--15 s for the first 3 min, every 30 s from 3 to 5 min, and every 1-5 min until 45 min. The samples were immediately centrifuged, and the plasma 18F activities cross-calibrated against the PET camera. Plasma glucose concentrations were measured in duplicate at the beginning and end of the study.
For the analysis of regional radioactivities, 14 brain regions were identified on the PET images with the aid of a standard anatomical atlas (Evans et aI., 1988) . The out lines of individual regions were stored as ROI templates for each subject. The ROI templates were applied repet itively to the serial images obtained in dynamic studies. The mean activity at the mid time of a scan was included in the time-activity record.
Data analysis
The following analyses of the data were completed:
Comparison of goodness of fit
The goodness of fit of the constrained and conventional approaches was compared by F statistics as
where RSS is the residual sum of squares, N the number of data points, and P the number of parameters. Fij has degrees of freedom of (Pj -Pi' Nj -P). The SUbscripts i and j refer to the constrained and conventional ap proaches. F ij was calculated in both directions, i.e., i the constrained and j the conventional approach, and vice versa, and p values were calculated for both (Landaw and DiSteffano, 1984) . When either of the p values was <0.05, the null hypothesis that the goodness of fit was equal for the two approaches was rejected.
Time dependency of estimates
The means and coefficients of variation of the estimates on Kf, kf, kt, K * , and J net were calculated for circulation times that varied from 20 to 45 min.
Constancy of interregional relationships
Comparisons of variables between regions and between subjects were based on their interregional relationship. Thus, it is essential for a parameter estimation method to maintain the interregional relationships as a function of time. The interregional relationships between the esti mates obtained at 20 min and those obtained at 45 min were compared in terms of linear correlation.
Correlation between estimates
To test the physiological appropriateness of the esti mates, we examined the relation of the estimates of Kf, kf, kt, and the steady-state distribution volume (Vf) to the estimates of the net clearance of FDG (K * ).
Correlation between methods
The regional estimates of the partition volume (Ve) and regional glucose utilization rate (J net ) obtained by the constrained method were compared with those obtained by the conventional method.
RESULTS
Simulation studies
The constrained method yielded all parameters, except Vo' more accurately than the conventional method at 20 and at 45 min (Fig. 2) . Within the constrained method, the results obtained at 20 min were more accurate than those at 45 min, except for kj and K*. Accuracy of estimates (coefficients of error) was plot ted versus transfer coefficients of [1BF)fluorodeoxyglucose, brain vascular volume, regional lumped constant, and cere bral glucose utilization. The constrained method was more accurate than the conventional method in all estimates ex cept brain vascular volume. Note the striking improvement of the accuracy of k� and k;. Within the constrained method, little difference of accuracy was noted between 20 and 45 min.
PET studies
Comparison of goodness of fit
The constrained method fitted the time-activity data better at 20 than at 45 min ( Table 2 ). The con strained method at 20 min explained the data as well as did the conventional method at 45 min in 77 of 84 gray matter regions, and significantly better in 5 regions.
Time dependency of estimates
On the basis of the constrained method, the esti mates of Kf, kf, and J net were stable from 20 to 45 min, while those of kj and K* decreased by 25 and 10%, respectively, during this period (Fig. 3 ). For these variables, the coefficients of variation were stable after 20 min. By the conventional method, all 
Constancy of interregional relationships
In the constrained method, the interregional rela tions were maintained for all estimates between 20 and 45 min (Table 3) . When the conventional ap proach was employed, on K*, Vo, and Jnet main tained comparatively constant relations between re gions.
Correlation between estimates
When analyzed by the constrained method, the estimates of Kf, kf, and kj were positively corre lated to those of K* (r = 0.44, 0.58, and 0.76, re spectively; Fig. 4 ). By the conventional method, the estimates of Kf were correlated poorly, and those of kf inversely, to K*. Estimates of kj changed little in relation to K* (r = 0.08, 0.22, and 0.23, respec tively).
The steady-state distribution volumes of FDG (Vf) estimated by the constrained method were only 50% of those estimated by the conventional method. VI was inversely correlated to K* by the constrained method while positively correlated by the conventional method (Fig. 5 ).
Correlation between methods
By the constrained method, the estimates of the partition volume (Ve) were strikingly uniform be tween regions and between subjects, ranging from 0.35 to 0.48 ( Fig. 6 ; see also Table 3 ). In contrast, Ve determined by the conventional method exceeded the physiological limit imposed by the water con tent of cortical gray matter (0.77 ml g-l; see Dis cussion) in 31 % of the ROIs. The regional glucose utilization values measured by the constrained method at 20 min were signifi cantly correlated (r = 0.77) to those measured by the conventional method at 45 min (Fig. 7) . The differences between the two methods averaged 7.8% (range 0.2-29.9%) in terms of mean root squared deviation.
DISCUSSION
Improvement of the dynamic FDG PET method is a considerable challenge since the method is one of the most comprehensively tested applications of the three-compartment model. In addition to bene fits to the measurement of cerebral glucose utiliza tion, an improvement may aff ect other applications of the three-compartment model.
The FDG PET method has raised questions of the effects of dephosphorylation of FDG-6-phosphate on quantification and of the estimation of the lumped constant in different physiological and pathological states of a brain region. In addition, the estimates of the transfer coefficients, especially of the fractional clearance of the tracer from brain to blood (ki) and the fractional rate of phosphorylation (kj), are often poorly defined (e.g., Gjedde et al., 1985) . 29.8 ± 5.9
We addressed some of these questions by using the assumptions underlying the Michaelis-Menten equation to derive new relationships between the transfer coefficients of FDG and glucose (Eqs. 5, 8, Estimates of blood-brain unidirectional clearance (K�; top), brain-blood unidirectional clearance (k�; middle), and phosphorylation coefficient (k;; bottom) versus those of net clearance (K*) for each of 84 gray matter regions. On the basis of the constrained method, the estimates of K�, k�, and k; were proportional to those of K* (r = 0.44, 0.58, and 0.76, respectively). On the basis of the conventional method, the estimates of K� were little correlated to those of K* and those of k� were inversely proportional (r = 0.08 and 0.22, respec tively). There was little regional change of k; associated with regional change of K* (r = 0.23). and 9). In essence, the new method takes advantage of plausible physiological constraints to lock these parameters together and reduce the number of pa rameters by one (Fig. 1) . A corollary of this analysis allows for the direct regional estimation of the lumped constant. The analysis is a partial extension J Cereb Blood Flow Metab, Vol. 10, No. 2, 1990
., of the method of Cunningham and Cremer (198 1) in which the three transfer coefficients of the Sokoloff et al. equation were reduced to two by measuring the glucose content of rodent brain. In the present application, the Michaelis half-saturation constant for glucose transport was used to calculate, rather than measure, brain glucose.
Choice of constants
Although the present study was not designed to determine the constants of the constrained method, we were able to assign reasonable values to them by an empirical approach. We were unable to use the values of,. and 'P determined in the rat because they yielded values of A that were clearly much too high.
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FIG. 6. Estimates of partition volume (Ve) obtained by the constrained method versus those obtained by the conven tional method. By the constrained method, Va averaged 0.43 ± 0.03 ml g-1 and was striking uniform throughout regions and subjects. Estimates of Va obtained by the conventional method exceeded the physiological limit of cortical water content (Vd = 0.77 ml g-l) in 31% of 84 gray matter regions. the constrained method versus those determined by the con ventional method for each of 84 gray matter regions. Esti mates were correlated (r = 0.77) and difference averaged 7.8% as determined by root squared deviation.
Therefore, on the basis of values measured in rats (Crane et aI., 1983) , the extreme ranges of T and <p for humans were selected as 1.0-2.0 and 0.2-0.5, respectively. Second, we assumed that the ratio ?e tween the average plasma glucose concentratlOn and Kt of glucose measured in rats is applicable also to humans (10 vs. 7mM) (Buschiazzo et aI., 1970; Gjedde and Christensen, 1984) . Thus, we expected the values of Kt for humans to be in the range 3.0-5.0 mM. Within the limits listed above, we exam ined the changes of Jnet, A, and Ve as functions of T, lr> and K J and A were positively correlated to y, t · net the values of T and <p, while variation of Kt had little effect; V was positively correlated to <p and nega tively co�elated to T; while Kt was positively cor related to Ve (data not shown).
We chose the values 1.1 for T, 0.3 for <p, and 4.8 mM for Kt on the grounds that only this c ? mbina tion came close to yielding the average cortIcal val ues of 30 jJ.mol 100 g-I min-I for Jnet, 0.52 for A, and 0.46 ml mg-I for Ve' For the gray matter water content, we chose 0.77 ml g-I (Lund-Andersen, 1979) . The criteria were based on the assumption that the average glucose utilization obtained by the conventional method in a group of subjects (the present study), the directly measured value of the lumped constant (Reivich et aI., 1985) , and the av erage value of the partition volume reported by Gjedde et ai. (1985) using 3-0-methylglucose and PET were all reliable estimates.
The chosen values of T and <p in humans were lower than expected from measurements in rats and monkeys but indirectly confirmed measurements of K I and k3 of glucose in humans that averaged 0.061 ± 0.009 ml g-I min-I (mean ± SD) and 0.19 ± 0.02 min -I, respectively, using e IC]glucose and PET (G. Blomqvist et aI., unpublished observation; Blomqvist et aI., 1985) . The corresponding values for FDG in the present study were 0.068 ± 0.009 ml g-I min-I and 0.059 ± 0.012 min-I, respectively, based on the same algorithm (Blomqvist, 1984) .
Dephosphorylation of FDG-6-phosphate
The results of the simulated studies, the compar ison of the goodness-of-fit data, and the changes of the estimates as a function of circulation time indi cated that the accuracy of the constrained method is superior to that of the conventional method and that the estimates yielded by the constrained method were statistically valid after 20 min. Only the esti mate of V deteriorated in the constrained method. o
This conclusion raises the question of the reason for the stable estimates of Jnet, despite the changes of the parameter estimates as a function of the tracer circulation time of the constrained method. Two comments are in order in this regard. First is that the relations between the transfer coefficients of FDG were so tightly constrained that the term Vo acted as a buffer to absorb the subtle differences between theory and nature, and this resulted in the relatively poor accuracy of the Vo estimates. Sec ond, despite the time-dependent estimates of K* and A, their ratio, on which the calculation of Jnet depends (Eq. 6), remained constant because the es timate of A is an approximately linear function of the estimate of K*. The time dependence of the estimates of A satisfies the prediction of declining values of A in the presence of loss of FDG metab olites from brain.
The most reasonable explanation for the contin uous decline of kj and K* with time is the dephos phorylation of FDG-6-phosphate. Between models without and with a parameter for the dephosphory lation of FDG-6-phosphate (the kj and kl models, respectively), estimates of brain FDG (M:) and FDG-6-phosphate (M�) contents will be very close.
In the kj model, the estimate kj depends on the real values of kj and kl in the kl model in the following way:
where the affixes -3 and -4 refer to estimates determined by each of the two models. Thus, when the effect of dephosphorylation cannot be ignored, the magnitude of kj _ 3 decreases as the magnitude of the ratio M�(t)/M:(t) increases with time.
Physiological boundaries of transfer coefficients
Hexokinase is one of the key enzymes of the gly colytic pathway, controlled by the energy needs of, and oxygen supply to, the tissue. Consequently, ap propriate changes of hexokinase activity (i.e. , kj) should accompany changes of the energy demand when the oxygen and glucose supplies are not lim ited. Our results with the constrained method agree with this prediction (Fig. 4, bottom) . In contrast, the conventional method suggested that changes of the net clearance were independent of enzyme ac tivity (Fig. 4, bottom) and instead the result of changes of the apparent volume of the precursor pool ( Fig. 5 ) and ki (Fig. 4, middle) .
In theory, the partition volume has a narrow range of permissible values (Eq. 2), confirmed with 3-0-methylglucose and PET (0.46 ± 0. 04 ml g-l) (Gjedde et aI., 1985) . Physiologically, Ve cannot ex ceed the brain water content (0.77 ml g-l) unless glucose is subject to active transport, and M: must, of course, be positive [i.e., Ve must exceed the value of the term KtVd/(Kt + Ca) in Eq. 2]. The constrained method yielded physiological estimates of Ve while the conventional method yielded esti mates outside the physiological range. Our obser vations indicate that the conventional nonlinear re gression method cannot yield physiologically mean ingful estimates of the transfer coefficients of glucose unless additional constraints are imposed.
Lumped constant
In their original discussion, Sokoloff et ai. (1977) defined the lumped constant as the product of the steady-state distribution and phosphorylation ratios of tracer and native glucose. The allegation that the steady-state distribution ratio must be constant never had a theoretical basis, although empirical evidence speaks in favor of this assumption. Phelps et ai. (1983) introduced a "stability" index (a) of the lumped constant, equal to the ratio kj/ki [= K*/(Kt -K*)], and concluded that significant regional variation of the lumped constant occurs rarely. Yet, the stability factor had a coefficient of variation of 20% in gray matter structures of normal subjects and suggested some regional variation of the lumped constant.
The use of the transport and phosphorylation ra tios (Eq. 5) is an attempt to separate the two ele ments of the original lumped constant of Sokoloff et ai. (1977) that are more likely to be constant than the lumped constant itself (Sokoloff et aI., 1977; Cunningham and Cremer, 1981; Gjedde, 1982; Crane et aI., 1983) . The constraints improved the estimates of the ratio K*/Kt of which the lumped constant is a function.
Reported values of the lumped constant in hu mans have had a tendency to increase from the orig inal value of 0.42 (Phelps et aI., 1979) , from 0. 5 J Cereb Blood Flow Metab, Vol. 10, No.2, 1990 determined on the basis of an improved gray/white matter ratio (Brooks et aI., 1987) to 0.52 measured directly for whole brain (Reivich et aI., 1985) . The predicted value depends on the model (inclusion or exclusion of dephosphorylation of FDG-6-phos phate) as well as on the duration of the study. It is the advantage of the constrained method of calcu lating the lumped constant that it can be applied to any pathological and physiological condition where T, 'P, Vd, and Kt do not change, including neuropsy chological studies.
